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2.2. The Berkovich maximum modulus principle

*** MODIFY DISCUSSION *** In complex analysis, a version of the maximum modulus prin-
ciple says that if f is a continuous function on a compact set E ⇢ C2 that is holomorphic on the
interior, then |f | attains its maximum on the boundary of E. Indeed, the maximum must be attained
on E since |f | is continuous, and |f | cannot have a strict local maximum in the interior since log |f |
is subharmonic.

In rigid geometry, the maximum modulus principle says that if A is a strictly k-a�noid algebra
(see below), and f 2 A, then the function |f | attains its maximum value on the maximal ideal space
Max(A). Further, the maximum equals the spectral radius ⇢(f) of f . This is not a triviality, since
Max(A) is not compact.

We will explain these statements later. Here we will state and prove a striking and useful general
version of the maximum modulus principle due to Berkovich. This is valid for general Banach rings.

2.2.1. The main result. The Berkovich maximum modulus principle can be stated as follows.

Theorem 2.2.1. Let A be any seminormed ring. Then

⇢(f) = max
x2M(A)

|f(x)|

for every f 2 A.

Here the right hand side is interpreted as zero when M(A) is empty, that is, A is equipped with
the zero seminorm.

Proof. By considering the separated completion, we easily reduce to the case when A is a
Banach ring, see Exercise 2.2.1. The statement is trivial when A is the zero ring, so suppose A is a
nonzero Banach ring.

Set X = M(A). Given f 2 A, the function x ! |f(x)| is continuous on X, so since X is compact
and nonempty, this function attains its supremum; we must show that the latter equals ⇢(f).

By definition, we have |f(x)|  kfk for any f 2 A and any x 2 M(A). Since f 7! |f(x)|
is power-multiplicative, this gives |f(x)| = |fn(x)|1/n  kfnk1/n, and hence |f(x)|  ⇢(f). Thus
maxx2X |f(x)|  ⇢(f).

To prove the reverse inequality, pick r > maxx2X |f(x)|. We must show that ⇢(f) < r. Consider
the relative polydisc algebra B = Ahr�1

T i. This is a Banach A-algebra. We have kTk = r, so
|T (y)|  r for all y 2 Y := M(B) by what precedes. It follows that |(fT )(y)| < 1 and hence
(1 � fT )(y) 6= 0 for all y 2 Y . By Proposition 2.1.21, this implies that 1 � fT is invertible in B.
Lemma 1.8.1 now shows that

P
1

i=0 kf ikri < 1. Since kf ik � ⇢(f)i, this implies ⇢(f) < r. ⇤

2.2.2. Berkovich spectra consisting of a single point. Recall that if A is a ring, then
Spec(A) is a singleton i↵ A is a local Artin ring, or, equivalently, the reduction of A is a field. The
Berkovich maximum modulus principle implies the following analogue for seminormed rings.

Corollary 2.2.2. If A is a seminormed ring, then the Berkovich spectrum M(A) is a singleton
i↵ the uniformization A

u is a complete valued field.

Proof. By Proposition 2.1.8, the canonical map A ! A
u induces a homeomorphism M(Au)

⇠!
M(A), so we may assume that A is a uniform nonzero Banach ring. We have already seen that
X := M(A) is a singleton when A is a complete valued field. On the other hand, if X = {x} is
a singleton, then Theorem 2.2.1 shows that kfk = ⇢(f) = |f(x)| for all f 2 A. Now f ! |f(x)|
is semivaluation and k · k is a norm, so k · k is a valuation on A. The invertibility condition in
Proposition 2.1.21 finally shows that any nonzero f 2 A is invertible, so A is a field. ⇤
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2.2.3. Berkovich spectra with only non-Archimedean points. WhenA is a non-Archimedean
seminormed ring, it is easy to see directly (Exercise 2.2.2) that the complete residue field H(x) is
non-Archimedean for all x 2 M(A). The converse is also true, up to uniformization:

Proposition 2.2.3. If A is a seminormed ring, the following are equivalent:

(i) the uniformization A
u is non-Archimedean;

(ii) the complete residue field H(x) is non-Archimedean for all x 2 X.

Proof. The uniformization A
u is non-Archimedean i↵ the spectral radius seminorm ⇢ on A is

non-Archimedean. Since ⇢ is power-multiplicative, the latter condition is equivalent to ⇢(n)  1 for
all n 2 Z, see Lemma 1.2.2. Similarly, if x 2 M(A), then H(x) is non-Archimedean i↵ |n(x)|  1 for
all n 2 Z. Now

⇢(n) = max
x2M(A)

|n(x)|

by the Maximum Modulus Principle, and the result follows. ⇤

2.2.4. Minimal prime ideals. The following procedure allows us to reduce certain questions
regarding the spectral radius from general seminormed rings to seminormed rings that are integral
domains.

Proposition 2.2.4. Let A be a seminormed ring, and let P be the set of all minimal prime
ideals of A. For each p 2 P, equip A/p with the quotient seminorm, and let ⇡p : A ! A/p be the
projection. Then we have

⇢(f) = sup
p

⇢(⇡⇢(f))

for every f 2 A.

Remark 2.2.5. Even if A is a Banach ring, there is no guarantee that minimal prime ideals are
closed, so A/p may not be complete, in which case its completion may fail to remain an integral
domain. However, we will mostly apply Proposition 2.2.4 for Banach rings with P a finite set, and
every p 2 P closed.

Proof. It follows easily from the definition of the quotient seminorm on A/p that ⇢(f) �
⇢(⇡p(f)) for all p and all f . Hence ⇢(f) � supp ⇢(⇡⇢(f)). To prove the reverse inequality we use
the maximum modulus principle. Consider any x 2 M(A) and pick any minimal prime ideal p that
contains Ker(x), that is, such that |f(x)| = 0 for all f 2 p. Then x defines a bounded semivaluation
on A/p, and hence a point x0 2 M(A/p) whose image under the map M(A/p) ! M(A) is equal to
x. This implies that |f(x)| = |⇡p(f)(x0)| for every f 2 A. Thus

⇢(f) = max
x2M(A)

|f(x)|  sup
p

max
x02M(A/p)

|⇡⇢(f)(x
0)| = sup

p
⇢(⇡p(f)),

which completes the proof. ⇤

2.2.5. Spectral radius and integral homomorphisms. *** *** MATERIAL COMMENTED
OUT FOR NOW ***

Exercises for Section 2.2
EX70225 (1) Reduce the general case of Theorem 2.2.1 to the case when A is a Banach ring.
EX70226 (2) Give a direct proof that if A is a non-Archimedean seminormed ring, then the complete residue

field H(x) is non-Archimedean for all x 2 M(A).
EX70229 (3) Given an example of a Banach ring A such that H(x) is non-Archimedean for all x 2 M(A) but

A is not non-Archimedean.
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EX70227 (4) Let ' : A ! B be a bounded map between seminormed rings, and let f : Y = M(B) ! X =
M(A) be induced map on Berkovich spectra. For x 2 X, write 'x : B ! B⌦̂AH(x) for the
induced bounded map. Show that for any x 2 X and g 2 B, we have

⇢('x(g)) = max
y2f�1(x)

|g(y)|.


